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The Barut Second- Order 
Equation: Lagrangian, 
Dynamical Invariants and 
Interactions 

Valeri V. Dvoeglazov 

ABSTRACT The second-order equation in the (1/2,0) © (0, 1/2) representa- 
tion of the Lorentz group has been proposed by A. Barut in the 70s, ref. pQ. It 
permits to explain the mass splitting of leptons (e, fi, r) . Recently, the interest 
has grown to this model (see, for instance, the papers by S. Kruglov [2] and J. P. 
Vigier el al. [3]). We continue the research deriving the equation from the first 
principles, finding dynamical invariants for this model, investigating the influence 
of potential interactions. 



1 Introduction 

The Barut main equation is 

[i7„^-«2— + «]* = «. (1.1) 
m 

• It represents a theory with the conserved current that is linear in 15 
generators of the 4-dimensional representation of the 0(4, 2) group, 

Nab = f 7a7b, 7a = {7/f 75, i] ■ 

• Instead of 4 solutions it has 8 solutions with the correct relativistic 
relation E = ±-\/p 2 + mf . In fact, it describes states of different 
masses (the second one is = m e (l + J*-) , a is the fine structure 
constant), provided that a certain physical condition is imposed on 
the ai parameter (the anomalous magentic moment should be equal 
to 4a/3). 

• One can also generalize the formalism to include the third state, the 
r- lepton [lb]. 

• Barut has indicated at the possibility of including 75 terms ( e.g., 
~ 75 «' )■ 
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2 Main Results 



If we present the 4-spinor as \&(p) = column((f>ii(p)) </>l(p)) then Ryder 
states [5] that </>r(0) = </>l(0) . Similar argument has been given by Faus- 
tov [BJ: "the matrix B exists such that Bu\(0) = u\(Q) , B 2 — I for any 
(2 J +1)- component function within the Lorentz invariant theories". The 
latter statement is more general than the Ryder one, because it admits 

/ e+* 
^ e~ la 

so that $r(Q) — e la 4>L(0) . The most general form of the relation in the 
(1/2, 0) © (0, 1/2) representation has been given by Dvoeglazov [7,4a]: 

«^(0) = a(-l)^- h e^ +e ^Q 1/2 [r L h m* + &e 2 ^H-/ 2 [^(0)]* , (2.1) 
with 

B1/2 = ( J q J = -i(J2 , Si /a = ( 6 e -t ) . ( 2 - 2 ) 

Oj is the Wigner operator for spin J = 1/2, 99 is the azimuthal angle 
p — > of the spherical coordinate system. 
Next, we use the Lorentz transformations: 

Ar l = exp(±cr • 0/2), cosh (j) = E p /m, sinh<p = \p\/m, <fi — p/|p|- 

(2.3) 

Applying the boosts and the relations between spinors in the rest frame, 
one can obtain: 

^ (p) = a CPO -° ■ P) ^ (p) + &(-l) 1/a+h e 1/a B 1/a ^(p), (2-4) 

4( P) = a (gg + ° ■ p) ^ (p) + 6(-i)V»+*e 1/a g 1/a ^*(p). (2.5) 



( 0i = 02 = , po = Ep = -\/p 2 + m 2 ) . In the Dirac form we have: 

[a^ - l]« h (p) + *&(-l)*-VC«-fc(p) = 0, (2.6) 

TO 

where C = y j@ . *^0^ 2 1 ' ^ e c ^ ar S e conjugate operator. In the 

QFT form we must introduce the creation/annihilation operators. Let = 
— idf , 6| = , then 



bCJC- l]*(x' y ) = 0. (2.7) 
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If one applies the unitary transformation to the Majorana representation [8j 



U=- 



(2.8) 



then 7 -matrices become to be pure imaginary, and the equations are pure 
real. 



a o — l 

TO 



id 

a h b- 1 

TO 



*1 



0. 



*2 = 0, 



(2.9) 



(2.10) 



where ^> = + ■ It appears as if the real and imaginary parts of 
the field have different masses. Finally, for superpositions <f> — + ^2 , 
X = ^1 — ^2 j multiplying by 6^0 we have: 



[2a 



b 2 -l] 



= 0, 



(2.11) 



If we put a/2m — > a 2 , ^2a m ^ k we recover the Barut equation. 
How can we get the third lepton state? See the refs. [lb, 4b]: 

3 3 3 

M T = Mft + -aT x n k M e = M e + -ar x \^M e + -aT y 2 A M e = 1786.08 MeV . 

(2-12) 

The physical origin was claimed by Barut to be in the magnetic self- 
interaction of the electron (the factor n 4 appears due to the Bohr-Sommcrfcld 
rule for the charge moving in circular orbits in the field of a fixed mag- 
netic dipolc fi ) . One can start from (|2.6p , but , as opposed to the above- 
mentioned consideration, one can write the coordinate-space equation in 
the form: 



(2.13) 



with * 



MB. 



MR 



. As a result, 



(a 
(a 



TO 



l)<p-hx + ib2T<j> = 0, 
1)X ~ M - ib 2 J 5 X = 0. 



(2.14) 
(2.15) 



The operator \1/ may be linear-dependent on the states included in the 'J . 
let us apply the most simple form ^1 = —ij 5 ^4 , ^2 = +i7 5v E , 3 ■ Then, 
one can recover the 3rd order Barut-like equation [4b]: 



]yf d m 1±bl±b2 }[ij«d u + ^-d"d v 
a 2to 



m^i]* 1)2 = 0. (2.16) 
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It is simply the product of 3 Dirac equations with different masses. Thus, 
we have three mass states. 

Let us reveal the connections with other models. For instance, in refs. [31 
[H] the following equation has been studied: 

[(id - eA)(id - ei) - m 2 ]* = 

= [(id„ - eA„)(id» -eA^-^ea^F^-m 2 }* = (2.17) 

for the 4-component spinor * . This is the Feynman-Gell-Mann equation. 
In the free case we have the Lagrangian (see Eq. (9) of ref. [3c]): 

Co = [idW)(idV) -to 2 **. (2.18) 

We can note: 

• The Barut equation is the sum of the Dirac equation and the Feynman- 
Gell-Mann equation. 

• Recently, it was suggested to associate an analogue of Eq. (|2.18|) with 
the dark matter [TU] , provided that * is composed of the self/anti- 
self charge conjugate spinors, and it has the dimension [energy] 1 in 
c = h = 1 . The interaction Lagrangian is C H ~ g^^(f> 2 . 

• The term ~ ^fa^^F^ will affect the photon propagation, and non- 
local terms will appear in higher orders. 

• However, it was shown in [3b, c] that a) the Mott cross-section formula 
(which represents the Coulomb scattering up to the order ~ e 2 ) is 
still valid; b) the hydrogen spectrum is not much disturbed; if the 
electromagnetic field is weak the corrections are small. 

• The solutions are the eigenstates of 7 5 operator. 

• In general, Jo is not the positive-defined quantity, since the general 
solution 'J = a* + + b^- , where [i^^d^ ± m]*± = , see also 

The most general conserved current of the Barut-like theories is 

Jf, = aijf, + a 2 Pfj. + a 3 (T t _ tu q l/ . (2.19) 
Let us try the Lagrangian: 

C = Coirac + £-add , (2.20) 



Cmrac = ai[*y(3/.*)-(M)V'*]-at4**, (2.21) 
C a dd = a 2 (d^)(d^) + a 3 d^a^d^. (2.22) 
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Then, the equation follows: 

[2017^-02^- o 4 ]* = 0, (2.23) 
and its Dirac-conjugate: 

*[2aiya M + a 2 d^ + a 4 ] = . (2.24) 

The derivatives acts to the left in the second equation. Thus, we have the 
Dirac equation when a\ = | , a 2 = , and the Barut equation when 

= 1 2a/3 
2 m l+4a/3 " 

In the Euclidean metrics the dynamical invariants are 

^ = -.p^*.-*.^i. <««> 

DC DC 

<w - -E[^y<^^ + ^<-^) ] • (2 - 27) 

A^*j* are the Lorentz group generators. 
Then, the energy-momentum tensor is 

% v = -ai[*7„&,tf - &,*7m*] - a 2 [D^D^ + 

+ a 2 0a*0a* + aadaVaapdp* + a 4 * *] <f„„ . (2.28) 
Hence, the Hamiltonian H = —iP 4 = — J T iA d?x is 

H = J d 3 x{a 1 [d i ^ i ^ - #7^*] + a 2 [94*94* - d^d^] - 

- a 3 [5i*a y a,-*]-a4**}. (2.29) 
The 4-current is 

J M = -i{2 ai ^^ + a 2 [(0„*)* - + a 3 [a a *a QM * - *a^ a S a *]} . 

(2.30) 

Hence, the charge operator Q~—iJ J 4 d 3 x is 

Q = - J {2ai* + tf + a 2 [(d 4 §)* - * (04*)] + Qs^*^* - *CT 4 ^*]}d 3 2; . 

(2.31) 

Finally, the spin tensor is 

<W = -|{ai[*7 A CT^* + *C7 iUI/ 7 A *]+Q!2[aA*(T^*-*C7 iUI/ 5A*] + 

*-*^<7Aa»a*]} ■ (2-32) 
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In the quantum case the corresponding field operators are written: 

*oo = E/^[^(p) a i(p) e " p ' x +^(p)^(p) e+4P ' a; ]-( 2 - 34 ) 

The 4-spinor normalization is 

u h u w = 5 hh > , v h v h > = -Shh' ■ (2-35) 

The commutation relations are 

o h (p),4,(k)l = (2irf-5W(p-k)5 hh ,, (2.36) 
J + pi 

'b h (p),b{,(k)\ = (27r) 3 -<5( 3 )(p-k)<W, (2.37) 

L J + Pi 

with all other being equal to zero. The dimensions of the "J" , ^ are as 
usual, [energy] 3 / 2 . Hence, the second-quantized Hamiltonian is written 



(2^^f [ai + ma2] : [a * ah M * ] ■ ■ (2 ' 38) 

(Remember that a\ ~ | , the commutation relations may give another i , 
so the contribution of the first term to eigenvalues will be real. But if a 2 
is real, the contribution of the second term may be imaginary) . The charge 
is 

/d 3 p 2E 
j^^-^[(ai+ma 2 )5 hh , -ia 3 u h <7iiPiU h/ ] : [a\a h > +b h b\,] : . 



(2.39) 

However, due to [Aj^ct • p]_ =0 the last term with 0:3 does not con- 
tribute. 



3 Conclusions 

The conclusions are: 

• We obtained the Barut-like equations of the 2nd order and 3rd order 
in derivatives. The Majorana representation has been used. 



• We obtained dynamical invariants for the free Barut field on the clas- 
sical and quantum level. 



The Barut Second-Order Equation 7 



• We found relations with other models (such as the Feynman-Gcll- 
Mann equation). 

• As a result of analysis of dynamical invariants, we can state that at 
the free level the term ~ a^d^a^d^ in the Lagrangian does not 
contribute. 

• However, the interaction terms ~ a^a^d^A^ will contribute 
when we construct the Feynman diagrams and the S -matrix. In the 
curved space (the 4-momentum Lobachevsky space) the influence of 
such terms has been investigated in the Skachkov works [T2] . Briefly, 
the contribution will be such as if the 4-potential were interact with 
some "renormalized" spin. Perhaps, this explains, why did Barut use 
the classical anomalous magnetic moment g ~ 4a/3 instead of . 
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